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PARS SECUNDA*

URVAS, ex proprictate variationis curvature invenire,
indice per fun@ionem coordinatarum cujufdam expreflo,
“problema etfi indeterminatum eft ; juvat tamen ad curvas cog=
nofcendas, quum facile et {ponte fefe offerunt conditiones deter=
minantes qui rei conveniunt et quz in cafu quovis examini {ub-
je€to locum habent. - Quo confilio et qua arte calculum inire
oporteat, ut et hac et his affinia peragenda fint, quee ad curvas
ex curvaturz variatione cognofcendas pertineant, per theoremata
qua fequuntur, exponere conabor.

TuEorEMA 1. (Videtab. XX fig. 2.)

Si curvee cujufdam LC index variationis curvature fit T,
tradius curvedinis R, finus anguli BCD p, pofito finu toto 1,
arcus curvae L.C z coordinata perpendiculares » et y earumque

fluxiones dp, d=, dx, et dy dicantur, erit —— e
‘ ST Mi=p
. d . :
Quoniam dy = — Rdp ct dy= - 2 habetur % -;iﬁ.:-
Viep R Vor—p”
% See Vol, LXXIII. P 4—560
Qqq 2 *
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et quum dR =T'dz erit R = f Tdz et fubftitutione fizdz =
dp

Viep'

Cors 1. Hinc obtinetur % 7= = BT” = iy ot == -
%
V1 .._Pz -

Cor. 2. Si Tangens anguli BCD per r, Secans per s defignen-

dz dr dx= ds
tur habetur = — - et o
S Tdx T+ fTa’:z: PR

é‘cbol. 1. Ex hoc theoremate facilis deducitur methodus gene-
raliter calculandi variationem curvature curvae cujufcumqueo.

: 2V 1.~ pZ . VT e p?
Namf Tdy= — Y120 quantitas' vero. %;i datur, data

ap
. . S; s dV T pE
inter x et y relatione. Sitvalor quantitatis — 7 = 7, funce

. e ) LA - . P !
tioni Curve g, f Tdz =7 et fumtis. fluxionibus Tdx = Z.dx qua

! ° - . _—
T =7 fun&ioni ipfius z. Si valor quantitatis — -——»—;,}I—i =P pex

p expreflus, erit f Tk =P fumtifque fluxionibus Tz = Pz{p et
T=1-;a—7‘i~’, quae funétio eft quantitatis p, in poteftate femper eft

"/ - per p exprimere.
Scboi. 2. Hujus etiam theorematis fubfidio inveniri poflunt

curvae ex data relatione inter T et z, Retz, Rety, et R et p.
Stenim fit T'=Z funétioni quantitatis 2, erithdz ::dez + A,

7, ) . N
FY = - 2 et inteoratione
1/1 __ Pz. o

S Zdz A Jrdz
dz dj . _
: P, Pofita +C=4 et N nu-

& e " ER e e
z V/ 7% +,AL

/é(/z-}—x\+ ’ Vicp

vi theorematis

merus
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merus cujus logarithmus hyperbolicus 1 habetur /1 —p =
Nl’N/""..N“l"\/"I Nb*/"l-l-N"b*/"I
— 3 ctp=

~ » que funttiones funt

. . 3 . ! I . . L}
quantitatis 2, quibus pofitis Z et\/ 1 —7* refpe&ive proveniunt

s(= S Tp) = S Zdu ety (= [pixy= [N 5 - 2

quarum alterutra curvarum indoles innotefcit.

St R=X funftioni abfciflze # provenit ‘%" :%:f = ~dp et

. , \ dx — —
integratione X (=C "'f’if) =p unde /1 -p'= \/1’ -X* et

(= [F): f‘/

Etfi R=Y fun&ioni ordinate y, habetur icd ( = A P
Y R

pdp : - o dy —_— T ;
W et integratione Y (—-f—-\+ C) =1 —p* unde p=

N dy V1 — 32 ' Yd
\/I—Y etx(*fy : P)*'f/ 7 = qua exprimit natu-

I—-Y

ram curvz.
Hinc colligitur quod quoties Tdx perfeGe integretur et

f .___’.l.z...._ obtineatur per arcus circulares dum aut f Zdz aut
J Zdz A

f d% \/1 _7* abfolutam admittat Integrationem, curvae erunt
reificabiles, et algebraicae, fi relatio inter x et = vel intery et %
in relationem algebraicam inter x et y permutari pofiit.

Evidens etiam eft quod fi X functio eft a]gebmica quantitatis

vel Y quantitatis y, et non folum o vel y fed etiam

1 .
Xd. YJ . .
¥ vel —=2— gquantitates perfe@e integrabiles, curva eva~

Viexr o Viov
dunt: algebraice, alias tranfcendentes.

Exempl,.
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Exempl. 1. Invenienda fit curva ubi variatio curvature T'=

.83l =’ Gmplicior reddatur caleulus ponatus
a¥ t\/§>’a~1—272[‘“4.33r

Sa + 272;\" =uetai=berit g=

u*—86% duv/u _3n—2b
, de=ft me B

ct f Tdz = i.‘f_’f_ﬁ/_’iﬁf + A ﬁt conftans hzc A=a, quod

accidit evanefcente f Tdzu =5, habetur per theorema

du /b Ap dui/b
(= =~ e et inte ranonef C= =
uV oy~ Ab( /sz) v —p* & u1/u~4b +

f Vi cujus zequationis termini quum fint arcus circulares

— Ny b 2 Vb
quorum finus /1 —p* = .‘%ﬁf et cofinus p==» pofito arcu
conftanti C=o0, obtinetur y (= f pdz) = j %‘-/-{' + B) =

YIS bv'b .
vu—ab Ve nam B:L—-, pofita y=o et #=45, atque ¥(=

l&
f de/1—p )= f "“‘/“‘45 ""‘2‘;5 quibus 2quationibus ex-

terminata # et fubﬁltuta a habetur 9’ = ax” =quatio pro parabola

cubica.
Exempl 2. Si fit variatio curvature T'= ent f Tds (=

i

a

”dz) = 3; +Aetfi Z=o / Tdz = a erit conﬁans A=a,atque

adz dp 3 ione
— = - b et 1nte ratione
@ +z" ( J 'Iaz) S Vi-p 8

f adz -+ C= f iy ; pofito arcu conftanti C = o caxteri
a

‘vi theorematis

+ =
funt =quales eorumque finus et cofinus, unde 1—p'=
z zdz -
T p..v = etdx(::dz \/I-—-p)!# o et dy (=

¥ g

2 paz)
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paz) = ;—f] , quibus conftat curvam effe catenariam,
-Exempl. 3. Sit variatio curvaturee T = ———=, evadit f Tdx
2a%— Z
S dz
=4/ 2az — 2", per theorema — = ).. — et
v » P YV oez—zt © ) Ia'z VI—-p

per integrationem f 7 e 4 C= = f —===, fi arcus ille
—)

conftans C =0, cazeteri {unt aequaleseorumque finus et cofinus,

quov\/i_:_}?: Vza,;_xz’ p=a;26t}’f(=fpdz) -"—"-‘/‘T?:_(/z) =

2a42—
= aequatlo pro cycloide ordinaria..
[

2a% %

THEOREMA IT.

Manentibus antea adhibitis denominationibus erit ——%__
y+ S Tdx
dp
= -
Quoniam %= —dp, erit dividendo per /T=F, —%
R RY'1— p“

d, — Y 3
= - "—ﬁlﬁpz. Propter 1 = 4/1—p*:: CD(R) :CF=RV1 - 7%
fed dx : dx :: Tdz :'Tdy, que flugio eft ipfius DE, quare
DE:dex, unde CF=_y+dex qua pro-Ry/1 - p* {ubfti~

. d;
tuta, prodit LA
) y+ / Tdx V1= p*

Cor. 1. Quantitas dy - T'dx femper eft perfelte integrabilis..

VT2 pdx
Nam Tdy = — M et dy = - unde dy +Tdy =—-—=
dp 'y */I —-p 'y . ...P
ddxV 1 —p° A1 —p*
————7—-]-)- et integratione ¥ + f Tdy= — —

Cor.
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Cor, 2. Dicatur {emichorda curvaturee CF F, obtinetur

dx dp dy _ _ % 4% 4
e TR ems e e g T ema Ct T T e
F Vi~ T T3 —p* F 1—p
Cor. 3. Si Tangens an guli BCD per 7, Secans per s defignens
de Ar dx ds
: abetur = e - et = - .
tur habett y-*./T.,x I+ y+ J Tdx sV 3T

Schol. 1. Per hoc theorema via etiam patet calculandi gene~

ralicer variationem curvature. Eft enim y+ f Tdyr= -

B e 1

deV1=p

a
- . o’ . d.xVI —-Pz 0 . .
tione.  Sit valor quantitatis ———Z— = X funétioni abfciffze »

; Y127 datur data inter I
, quantitas vero — atur data inter x et p rela-

gquatione ad curvam inventus, erit / Tdx=X-y et fumtis
. o d ! d .

fluxionibus Tdy = Xdx —dy, qua T=X -(7% ubi tam X quam

: : : e AT

2 funt funétiones abfciffe #. Si valor quantitatis — £ 1=2 d; 4

- un ]

=P per p expreflus, eritha’x:P -9 {umtifque fluxionibus

Tdx = ladp —-dy, qua T= %é?; - 71—:;)- ub1 — fun&xo eft quan-

.. d .
titatis p, nam 2—5 per p exprimi poteﬁ.
Schol. 2. Hoc adhibito theoremate invenirl etiam poffunt

curvae, ex data relatione inter T etx, Fetx, Fety, Fetg,
et Fet p. Pofita enim T fun&ione quantitatis &, patet per

curvarum quadraturas, aut perfeCtam aut imperfeftam quanti-
tatis ‘T'dv obtineri integrationem.  Sit f de::}'(+ f Xds
fan@ioni vel algebraice vel ex parte tranfcendenti ipfius x,
cujus terminis homogeneus valor ipfius y= f Xdx capiatur,

ifque ejus indolis ut f X +Xd, vel quod idem eft y + f Tdx =
3 X+
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X+ f X +Xdx integratione abfoluta habeatur, permanente
Tdx =de\/ 1— X* perfecte integrabili. Per theorema deinde

habetur —2% = , €t per integra-

X4 X'+5'(dx }’+/Td") “/‘“1’ |

tionem f +C= - ,.ﬁf__% , {1 ponatur
X+ f X+ X Vi—p

f d +C =% et N bafi logarithmorum hyperbolicorum,

X + /X 4+ Xa

. k«/-—-! — N—k;\/—-l Nk‘\/—l + N--k,\/-—[ y
— 2 foecd = I ——

ert /1 —p VA et p 2 s /1P

|1!

et p igitur funt funtiones ipfius #, qua fi ponantur Vi ¥ I

IH

et X habetur y (= f PﬁL) f 7 ==, ®quatio qua curvae

mternofcuntur. ,
Si fit F=Y fun&lom quantitatis y erit- per Cor. 2.
\dy (= dy) —— et 1ntegratlonef—~-+ log C=log. /1 —p* —p'y

ponatur ?: k et N logarithmorum bafi, erit facto ad quan-

titates abfolutas tranfitu CN* =/« — p*, p=¢/1 = C*N*# et v (=
lyv/ 1 — CN*

f Y-y ) f V,.,_j.’f_ , @quatio quee indolem curve indi-

(/nvz/g
gltat.
) ; .. A J: / .
Si F =7 fun&ioni ipfius % erit ZA = M) = - ;f“]z];a et integra-

H ) o —! L
tione +lo .C=log \/ ’1 P’ et {i =kt N bafi logarich-

- 'Q‘Nl‘/‘.«’z
mica habetur p= X" ety= fjbd fi*—b,t‘frk—" qua
iNT

14 C2N
curva cognofcuntur.

Vor. LXXIV. Rrr Conflar
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Conftat hine quod quoties X + f Xdx perfe@a integratione
|l|
habeatur f o Edr . abfo-
X+ f X+ Xdx \/I—XZ

lutam admittat integrationem cutva fit algebraica, fi vero aliter
evenerit tran{cendens,

k
)
Q\otxes -2 fit integrale logarithmicum et »CEM - abfolutam

CzNzk
admittat integrationem curva eft algebralca, in aliis cafibus
tran{cendens.

. . . . — N
Et quotles‘/‘ i"iz per logarithmos inveniatur, L——.(.:_“_\FT abfo-
4 140
2CN*/x

lute fit integrabilis pariter ac S

curva eft algebraica, aliag
1+C'N

tran{cendens.
=t =

adh -
dex ("“ A ~—x)__ aViZF—3 - V a" - x* lzﬂ/a«"—-az

a3b ab a
bxz'Mu. ——-x —
+— fi ponatur y==

Exempl. 1. Si fit variatio curvature T =3 erit

Vi 2
BYa =% habetur 54 fTa’x:
a3bdx -
AV =R (
a. . 3
-=-—-f———) = = -2 _ et integrando f @bds
g+ J T vi-p* PR e

_

Vi-p

i—p
Vv E_ b
Vi—p =-—-§__(__._f__ et cofinus p= ez
Vat i b — oo ‘/a‘}-l—b2 a’x

arcu conftanti C, quare y (= VM" ) f VM” _ BV EE
i eV a"—x® a

et in hoc cafu curva eft ellipfis.
4 Exempl.,

U [R——
a4+02_a2x2‘/“ —'.76“
adbh

, adhibendo theorema

+C:~

, cujus termini funt arcus circulares quorum finus

evanefcente
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L . L4 { V z o
Exempl. 2. Sit jam variatio curvaturm T=2T22FY ohe
f de-. + f et pofita y= i pet-
V2ax+x Vzax+x
V 2ax +
fe&a integratione habetur y + f Tahe = % 2‘"”'” . Theore-
ad;
matis itaque auxilio erit d (:: d” =——2_ et
atxY 2ax " g+ [ Tdx Vi—p?
4
mtegratxone ‘/l————”-{”——-——-— = - L, fi vero arcus ille
a4 aV 2ax 42" vi—p®

conftans C=o0 cateri {unt aequales eorumgque finus et cofinus,

2 Vzax-l«x pdx adx
unde\/x = atx » p= a+x -y( f ) ‘/t‘/zax-i'x

®quatio indicans curvam efle catenariam.

THEOREMA IIL

Dicatur cofinus anguli BCD ¢, pofito radio 1, czterifque
dy  _dg
/ ’I‘dy——x—‘/Ij—gz ‘

. ——— P )
Eft enim £ =ag, quapery /1 — ¢- divifa, dat — o= 2L
R g, q P \/ ? ? R‘/I__q'z ‘/l_qz’

etobr:1-¢g :CD(R):CG=R/T~¢, fed dZ":dy ::
Tdz : Tdy cujus integrale eft AE= f Tdy, unde CG (=
AE ~AB) = [Tdy-x, quapro Ry/1—¢" fubflituta, prodit
b 4
S Tdy—x /1=¢"
Cor. 1. Semper T'dy — dx admittit perfe&am integrationem.
Etenim Tdy:’M‘ et dx= ?ﬁ{_ﬁ, quibus Tdy — dx =

manentibus denominationibus erit

q v I~y
‘Z‘IJ’VI" ) ___l]y */1—-:,2
.___.__.__ 1/"“"‘ et mtegratlone f Tafy x= =

Rrra2 Cor.
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Cor. 2. Dicatur femichorda curvature CG G, habetur
dy_ A dx_ g dE_
G vitg’ G 1-¢ G i-¢
Cor. 3. Dicatur cotangens anguli BCD 4, et cofecans v erit
I S I
JSTdy—x 18 [ Tdy—n vVi—1

. dyW'i =g .
Schol. 1. Quoniam f Tdy —'x=——z;-idaturex datarelatione

. ; dyV 1— qz _ . e s o .
inter y et g, fit g = Y funétioni ordinate y erit f Tdy=

Y - fumtlfque fluxionibus Tdy=Ydy —dx qua T= Y—-—}
T . IV iTF < v s
funttioni ipfius y. Si autem Ji—-d—;-«—q— = Q fun&tioni lpﬁus q
erit f Tq’y—Q:-x et {fumtis fluxionibus Tafy:ddg-—-dx, qua:

» __Qq
habetur T'= 5 —~—::_—~ perg
Schol. 2. Hujus theorematls auxilio elicere licet curvas data

relatione mter T' et y, G et 9, G et x, G etz et Getq.
St enim fit T' funétio ipfius y generaliterfTaﬁi-—— Y+ fﬁ‘[q’y +A,
quze fundio eft algebraica ipfius ¥ quoties f Ya'y abfolute fumi
poflit. Aﬂ”umatﬁrx:fiﬁ}dy, ‘tali ipfius y funéioni ut non
folum .i/‘Ta’)}—x:XT—&J/‘%Hc{y fed etiamedz = dey

L . . o
\/ 1 —Y"* abfoluta mtegratmne Inbemtur, provenit vi theo-

. dy o .
rematis o ____ et. 1ntegratione
Y+ /S'fﬂ?dy-;-A /T‘/y" ) V
7 d '
f—E—+C= [ Pofna &
Y+ /Y4 Ydy+A I—¢ Y+ fY+Ydy+A

ST Wt ==
T C=/et N bafi logarithmica erxtgz‘N~ :M/fq Iet\/x -

3
e

]
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NG —I/—1 : ‘ tat] ‘
NV N qua functiones funt quantitatis y, quibus

2

N N . _ gdy » X'?a
pofitis Y et /1 =Y prodltx(——‘/‘vI~ ff.xqua-

1I—-Y

tio que indolem curvarum indicat.

Si G=X fun@&ioni ipfius # erit per Cor. z. ;1; (=‘7‘7"' = Iqa’q )
G “4
s M dx
et integratione log. CN* ( 5 tlog. C)=log. ——fi [
t integ 5 CN' (= % +1og. C) =0/
VN1 _ xvl*q
=/, exinde i/l -q -—CN, » =TT f )

dx
= — quz curva naturam indigitat..
‘ 2 21
‘ V' C'N

Si G=Z fun&ioni ipfius = erit 2~ (-—dz = ‘;—d% , et integras-

tione log. cN.’ (: 4 C) -log \/}_+_i =2 :[,‘ unde g=

ant2! [ NG
.(.:_L\/r-g‘:: 2CN' x(‘:fga'z>::_ (.:..E_:lﬁ.ety (_-—__-;
I +C2N21 +C2Nzl I+Cle/

CN'
f LEVESTD 0= f 2 Nz “_ quibus curvae cognofcunturs

‘Patet hinc quod quando Y+ f ‘;(aﬁf algebraice - habeatur:

it
p, .. > Y4 .
—2_ per.quadraturam circuli, etf———:ft—_- etiam

: 1 il I
Y+ /Y+Yd+A (Y
obtineatur algebraice, curvae evadunt algebraice, fecus vero
tranfcendentes. .

d: dz . N
Quando f i’f vel f Z obtineatur pe-r logarlthmos, et

dx: . g2l s
f —==—==_ vel tam N CN -1dz qua f—&%— abfomta i
: dCzN —_1 I+C2N2[ I+(’“

tegratione, curve erunt algebraicee, .

Exempl..
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Esxempl. 1. Sit index variationis curmturaeT«- erit /'Fciy-
% +A, fi quantitas illa conftans A= -.Z-quqd evenit quum
f Tdy = ~a et _y”::o; fumatur x = y; erit vi theorematis af:":'yz

ady
1/*’* et integratione Z+C f v

(—dey--x) =

~cu~]us aaquatloms termml quomam ﬁnt arcus cxrculares quorum

2}’ e .
iy et cofinus /1 — g g = et arcu conftanti

" C=o, ¢btmetur x( = f Vf’ ):: _aequmo pro parabola Apol-

loniana.

Exempl. 2. Sifit T = ——=

finus g =

habetar /Ty = [4L70

V@ —y*+ A, fi quantitas illa conftans A=o quod evenit quum
dyva—y

V(;—y

f Tdy=o et y=a, et aflumatur x= , evadit per

ﬁ}’
theorema —-— et ) ——— et per lllte I atxonem
vV / Tdy x 1/ 7 ? P )

- S C—- f ot vorum arcuum finus ¢g=
f‘/a _....y + V[_qz, q 9

Qa Y et cofinus /T =g = 2 ﬁ conftans ille C=o, atque inde

Y -dyv' 1—
dy (V g ) qua patet curvam effe traGoriam.

THEOREMA 1IV.

Dicatur fumma tangentium angulorum HCD et BCD H, et

differentia tangentium angulorum HCD et CKB K, retentis

- . . d 4 )
reliquis denominationibus erit == = 2 et L =_4_
S~ Vicp dey Vi—g

Quoniam
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Quoniam dy =% 1/_._~ erit dy 4+ Tdv="T 4 L dr et quum

I- P
H=T4+ 1-;—_&:.» habetur dy+Tdy=Hdr. Eodem modo quum

dx.. entj"l‘dy dx*-T--———-mz{y,fedK T-7.-,-=§,

unde f Ta_ly'-x:Kdy. Per theorema igitur 2 et 3 provenit
dx dp dy . dg
J Hax Vi JKy YVi-g
Cor. Si fit ut antea tangens anguli BCD 7, cotangens 7, fes
dx dr dy ds
a ns v, erit = - et = e —
cans s et cofecans v, T e e PV
dy __ dt dy _ dv

= et = e

J Kdy 14 /Krly oV A1
Schol. Ope hujus theorematis invenire licet curvas, data rela-
tione inter H et x atque K et . Itaque fit H=X fun&ioni

Jpﬁus X erit f Hdx = f Xdx+ A, vi theorematis. _ (=

[ Xdx + A
N P f +C==- f 2 __
f Hax vi-pt J Xdz A / Vo
Pofita T +A+ C=m, et N logarithmorum: bafi PlOdlt
miaf =1 o —-m\/-—t Nm«/-—-l N—m,\/_.
VE-p - vz;_'_lj' et p= +2 squibus funcs-

1

tionibus quantitatis x pofitis \/ 1 _.X’ et X provenit zquatio:
y (-::.‘/1 '“I.;_P = :/—X f—;z naturam curvarum-exprimens..

Si K=Y funéioni quantitatis‘ 9, eadem. caleulandi ratione-
habetur x (~ ' qr{y ) aequatio qua curve COgnof—L
Vlm ’ \/1 Y"

cunture.

Quandes
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uando [ Xdx vel f Ydy abfoluta i integratione f wel
Q f f 7 ) 'S Txin A
f per re&ificationem circuli, et f Xy ~vé£f Yoy
e ’Yd' A 1€ ) e —2
SN+ ; Vi-x Vi-y
integratione perfefta obtineantur, curva eft algebraica.

Exempl. 1. Si fit H= 2228 oy th—Idx__”+4x‘/x+A et po- |

2y/ay/
fita A=o habetur _per theorema =2 ( =% ) &
zz+4.m/x fHa’x

VI,_P
ﬁ e cujus termini

2;/%
a-t4%

xVa
a+4x1/x

et per 1nteg1 atxonem

et

quum fint arcus circulares quorum finus /1 —p'= ==

coﬁnusj},vv -, pofita C=o, obtinetur y ( fpdx ) Va,
a-+
quac par abolam Apollomam exprimit.
4y NPT AP A ey
Exempl 2. Sit H= Mz‘a/ ; x—- erit Ha’x:f.:fia%‘i:’f + A,
: l de dx d
et fi A=o, pertheorema. ad - ___ 4
> P 2V — /de) s/;_’_; ct

axdx
per 1ntegmt10nemf-——-—;;;7;———~ +C= —f«/x... z,etﬁC o,v

VE=LE _ @ o pdx adx
Vi-p= == p ==ty (= ,I_?'-—f‘,a__x

zequatio pro curva ﬁnuum.
Exempl. 3. Si fit K =57t fff_l erxt/l(aﬁ;mf._t___"{f__ﬂ +A,

wa +y°
{i A = o habcetur per theoremaa 42)2‘/[‘ = (../ l,z,:l 22%7 o
7 ,
mtcgjrdtxonefm}%—;;? -‘/‘-,~a.“-.:;..quag._7;_z%§;j,
x/i—:]‘** ‘/;-:_%, , 1C=o, undew (= fﬁlf—v:,-,) Vit

aquatio pro hyperbola xquilatera.
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Exempl, 4. Sit K:-—-—:i—'.:—.*-; erithaﬁ::A-f\/a’ -y et fi

a

A=o, per theorema - et er integra=
» P Vﬁ—y ‘/K@) V P 8

vV
tmnem-—fva "f wquag~ ,\/1- =,

d dV
-—etdu(—- 94y yY e
Vi-g y

2. quze Traltoriam exprimit.

THEOREMA V.

Defignetur produ€tum tangentium angulorum HCD et BCD
per U, et angulorum HCD et CKB per V caxteris manentibus

. e/
erit -.—-ilf-——z - et Y Y

J Uds—x P Y+/de !1 )
—_— Tpdx -6
Quoniam ajl_ V1 — p erit Tdy (= )

iy

Udy, et integratione f Tdy= f de qua f Tdy-x= f Udx = x.
et V=—?_ erit T'dy (= '1:’_’_1}’_) =

l-—g ‘\/l—q 4/1_?2

Vdy, f Tdy = f Vdy et y+ f Tde=y+ f Vdy. Theoremate

. d;
2. et 3. prodit ——— = _A e Y=g
J Udi = p oy SVdy 4
Cor, Sianguli BCD tangens, cotangens, &c. defi gnentur ut

dx dr dy
tea, habetur = - — .
antes S Uds—x a7 4 [V R 1+z” &e

Schol, Per hoc theorema curvae inveniuntur ex data relatione
inter U et v, atque inter Vet y. Sienim fit U=X functioni

ipfius x er1thdx:fde+A, per theoremandx — (=

_/ij ) = — '—lz-f—’, et per integrationem f ]Xd m + log. C=
XX i N
Vor., LXXIV. Qff log.

- Et quoniam dx =
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log. _‘ . Ponatur f dx—;+ = net N bafi loganthmxca, erit

NP ‘/CZN pdx .
"'CN = n — —?-I et = - - =1
Lo g, VT ey (=oh)

f 7&-—« qua zquatione curvarum indoles innotefcit.
C*N?” '

Si V=Y fun&ioni ipfius y, eadem calculandi ratione pro=

7 -
venit x ( f quy -) 2}1'\1 = qua curva cognofcuntur.

Evidens hinc eft quod quoties f Xdx Veldey algebraice
dx.  val dy dy.
f Y ve f-————————-—-+ TY51a per logarithmos, atque L o

vc{/‘ ‘/CN @ - integratione abfoluta, obtineantur, curva eft

algebraica.
Exempl. 1. Sifit U=3 eritha’x =3¢+ A, fiverof Udx=

4 quando x =oerit A=2 et f Udg =2 =T4. Per theorema
2 b 2 : 2

2dx dx dp . . ,
= = — £ et per integrationem log.
a4 ( / Udx — & ) ? P 5 g

a+ 4% +log. C—log > pofita p=1 dum x=0 log. C= -

igitur

log. \/a, unde fao a loganthmis tranfitu «/,:/.:4x~ =, quap=,

7 — pdx drxva\ __
w/a+4x’ ‘/ P Va+4,x ety ( \/:/ 21/.:)_ \/ax
zquatio pro Parabola Apollomana. _

Exempl. 2. Sit U_ 4” erit f Udy =222 4 A, fi autem

fde:o et x:a«/z, erit A=o etha’x-—x=2 gx:xa' Vi

igitur theorematis erit 33 pet /Ud )--‘ ,,.,2;13, et 1ntegrat10ne
& v

A log,
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; e .u/.k
]og wt;;—_—:.-,a-[_log C= log qua p.—: m/a VAT = ....__74
d; B3
ety (= Vf jp = ‘; 7 aquatio ad cutvam quaeﬁtam. "

Exempl. 3. Si V= -% eritha’y:A-; , poﬁtadey;-.,-:o

ety=oeritA=oety+ f Va_’y = J-'« . Per theorema obtinetur
2dy , d q
= =21 et per int 1at 1 =
, (= b dey et pet integ ionem og ¥+ log. C
2

log. ¢, i g:r ety aemtlog C= -log a’, unde g=%,

vi—-g" q = vy atquc dr (= 1/?{2?) = = curva ergo
eft Elaftica,
Exempl. 4. Sit V=252 erit f Viy = ko f Vdy

2

=-—3aety=a entA:o, 1'ndequey +fVa’y-:.- --‘Z ,y,f. The-

orematls ope habetur - 2 (-

=47 et integratione
y+J wy> &

log __.._+logC - log. q,ﬁq—xety -0 erit log. C=log, &

_ 3 qdy U
et exinde g = «/ T Ji—-gq =y et di (= V'i':'é") =

.-y‘-z- @&quatio pro Logamthmica.

THEOREMA VI

Dicatur ED L, et AE M, retentis praeterea adhibitis deno-
L ., .. dL L dM _
minationibus erit == dx et == dy.

Quoniam &z : dv 2 Tdz (dR) : Tds habetur dL="Tdx et
S{f{a2 dL
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=dv. Et quoniam dx + dy :: Tdz (dR) : Tdy obtinetur M

="Tdy et 52X = dy.
Cor. ‘%um Tdy=Udx et Tdx=Vdy, erit fubftitutione

M
—{T__a’x et 4 ~.zzﬁ)

Schol. Hoc adhibito theoremate inveniri poflunt curvee data
relatione inter T et L, T' et M, atque inter U et M et V et L.

)
Ponatur L=T fun&iom quantitat1s T habetur per theorema

|
dT
= (= »—) = dy et integratione 5 TiC=x qua T per # datur.

Curva deinde per theorema 2. elici poﬁ'unt.
SiM=T ipfius T functioni, habetur eodem modo T per y.

. ! . e N : {
S1 M=U funétioniipfius U, obtinetur U per #, et fi L=V fune-
tioni quantitatis V, datur V per y. Pertheorema deinde 3. et

5. curvae inveniuntur.
Evidens quidem eft quod curvz efle non poffunt algebraica

o AL fdM dM dL . : .
nifi f T f ) f T vel‘/‘v,obtmeanturmtegratlone ab-

{oluta.
aT*d'T

Exempl. 1. Sifit L="—- ’ erit L= 22~ et per hoc theorema
54 18

aTdT
18
C=o. Per theorema 2. reperltuxy /4%, ®quatio pro Para-

‘bola Apolloniana.

) dx et mtegratmne —= T iC=u qua T=5 7 » fi

a

. T aT?T
Exempl. 2. Sifit M= —f a T eritdM= — et
P 2 T 2.14T)
. TIT
ope theorematis « —-—’i—:::-« ) dy, et integratione —_—
2. i+'12] 4014+T2

Vo1, ‘
+C=y, qua fiC=0, T=—"72 Per theorema 3. habetur

dx =
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dp=-22 V: @quatio pro Cycloide ordinaria.

Exempl.3.SitL = = a/Verit dL-— -

adV
WA et per theorema
adV (__
2Vy/V N T

V) =dy et integratione 77 +C=y,etfiC=o0,ha-

2

) o . T
betur V== et deinde per theorema 5. dr= d"/‘; 2, qua cone-

ftat curvam efle Tra&oriam..

THEOREMA VIL

Dicatur ut antea CF F et CG G, et fumma tangentium ans-
gulorum HCD et BCD, H, et differentia tangentium angulos-

.. dF aG -

rum HCD et CKB, K, erit —=dx et 3= =4y.

Quoniam. a’F (~t{y+de) =Hdy et dG (,:-"_/“Tdy —&) =
Kdy provemt T = dv et C=d.

. JV-Z AVI=§ . 3

Cor. Quum Fzx= - i—;})——f— et G:—-y——-;-;-)-—i provenit divifione -
dF dp d G___ 4
3 b atque =z = —

Schol. Auxilio hujus theorematis inveniuntur curve ex data
relatione inter F et H, Get K, Hetp atque K et ¢ Nam £

fitF= IlI funé&ioni ipﬁus H, vel G= I|( fun&ioni ipﬁus K, ha--

betur per theorema & T (*-—M) =dx et mtegratlon.e j —+C=x.
_4G
qua H per x datur.  Eodem modo — (= ) dy et integra=

?
tione f’% +C=y qua K per y obtinetur. Theorema 4. ulte~

rius progredienti viam monftrat ad curvas invenicndas.
Patet



496 Methodus inveniendi Lineas C’u,wvas

Patet quod curva non fit algebraica nifi 2 vel f X obtinee

antur perfefta integratione.

Exempl. 1. S1 fit F=

a
——— habetur per theorema =
¥+ H* P !

adH ) dx, €t mtegratxone +C =-xquaH= -
1—H* i
75—2——-2 , pofita C=o. Per theorema deinde 4. provenit y=
a - X

v/a* —x” ®quatio pro circulo.
a. B+ H6VH —12
108

, erit per theorcma

Exempl. 2. Sit F=

T GrEvVIE =15 .dH dF i 1
e H*—64+HVH —12.4d (__ — ) = drx et integratione falta

36VH — 12

P64 HYH —
o 6+72 22 + C=w, et pofita C =o habetur H=
% , unde per theotema 4. prodit y =, /ax zquatio pro Para-

bola Apolloniana. L
Exempl. 3. Sit G= LA L LSy per theorema ‘—252-1-{ (=
f{lg):c{y, et integratione %IE—}-C: y, et i C=o K=3az unde
per theorema 4. dbc:”-?i, qua conftat curvam effe Logarith-

micam.

THEOREMA VIIL

Dicatur ut antea produétum tangentium angulorum HCD
et BCD U, et productum .tangentium angulorum HCD et

. . . . dG
CKB V manentibus reliquis denominationibus erit 57— = dvet

1 + V ({y .
Quoniam
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Quoniam G= f"Tdy - x erit dG="Tdy - dx, fed Tdy = Udr,

unde AG=U —1dx et Ud-i =dx.  Eeodem modo quum F=

y + [ Tdx erit dF=dy+Tdr, fed Tde=Vdy quare dF =
-7 d¥
I +Vzﬁ/et-1—_-l_~v=a’y.

e . Vie g
Cor. Q;omam G= fl«f—-‘é———i et F= _fi‘.i’.}__ﬁ habetur fub-

dp
ftitutione debita _ 4G o 4P o daF __dg,
G.U—1 ? 214V ¢

- Schol. Ope hujus theorematis indagantur curvae data rela-
tione inter G et U vel inter F et V. Nam fi fit G=U fun&ioni
quantitatis U vel F=V fun&ioni quantitatis 'V obtinetur per

|
dUu dG
theorema in cafu pmon i3 (= ) =dx et 1ntegrat10ne

f A +C::x,‘qanperx habetur; in poﬂerion V (= T V

|
. . av
=dy et integratione [ =<+ C=y, qua 'V habetur pery. Per
theorema deinde 5. curvae cognofcuntur.
Datur etiam per Cor. U in p, et V in ¢, et confequenter T"

..‘f’__i et V= TZ..E.

in p vel g, nam U=‘/I-‘-P T

AU o
Conftat hinc quod curvze non fint algebraicee nifi f 5— vel

d v . . .
f TV obtineantur integratione gbfoluta.

s

Exempl. 1. Si fit G=% 2”3 erit per theorema adU_ (=,
2

U—~1
aG N\ 7. i . 2% N~
U—x) =dx et integratione log. 1 —~U-log. C= =t iC=~
log.
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2.9&

PO — X
a.1-U 2% a.l*—U__ = 2N¢
log. — =t =N* qua U=¢ ""'"Zr"" Per theo-

rema deinde 5. habetur c{y:‘-iigi qua conftat curvam eft Loga-

tithmicam.
Exempl. 2. Si fit T =2 V;:}gv X2 erit per theorema
adV. dF . . ¥V'Viz
= (= = ration =
DOV ( 1+V) dy et per integ em ===y qua

P 24" YV F Gt . A
V=2 et per theorema s dy ==L, mquatio ad cur-

vam cujus conftru@io a quadratura hyperbole dependet.

THEOREMA IX.

Sint LC et /¢ duze curva eandem habentes Evolutam QD,
dicatur radiorum ofculi CD ¢D conftans differentia ¢C 4, curva
/ ¢ variatio curvature S, ceterifque ut antea manentibus erit

_dR _ dp
R_bS  Vip

Quoniam radius curvature DH evolute fit RT =R 48,

_1., queper dR (=Tds)= -~ j;r_”’; - multiplicata,

flt
ot s

dR dp
oftrat efle e =
m R—4S Vl—p

Cor. Si fint ut antea tangens anguli BCD 7 et fecans s, ha-

betur R — _ dr o AR _ ds
R=78" T+ " R—s8" sv5=1"
Schol. Subfidio hujus theorematis invenire licet curvas, data

relatione inter S et R vel inter S et T nam ;— :R_I-{—f Itaque fi

—

ponatur
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ponaturS R fun&xom radii curvedinis R, erit == R -——fJ.R?-

d; dR:
VL , et mtegratxom‘a/'

f Sit
R— bR vicp

—=—+ C = f et N logarithmorum bafi habetur Vi-p=
R—4R

Nﬂ\/‘-!-N-fa/*! NV =ta. N~ ~1
" et p= + fun&ionibus quantxtatxs

R, quibus R per p exprimi poteft. Per theorema igitur I1.
curvas internofcere valemus.

~dR
SiR=S functioni quantitatis S habetur Ti? 4 )
T is ~R=ss
= ‘i";__, et mtegratmne —— +C-— f ==, poﬁta
Vi-p $—58 Vi
!
. NEV T N-V-T N —~E - gV _
"/;-.ii-—-l-C:g,ent\/I -p’==N N €tﬁ=Ng TN
é__ 5S 2—#1 2

quibus S per p datur. Per theoremata Partis L. invenire licet
curvas omnes eandem evolutam habentes.

. . ‘ : . .~ [* dR
Hinc videtur, quod ' curve non fint algebraicze nifi [ ==

R-iR
' -
vel [ per circuli retificationem obtineatur.
S—~48S
. 2R . .
xempl, 1. fit Semee————eee fuppofita b=a, erit per
Exemp St fit S — PP 3 p
dRVa dR dp . .
a = =) = - integratione
theorem YV ( R 75, Vi g
dR Va f . a —
= i vero arcus ille conftans C=o0
fZR\/R—a +C= 1/1 ’
erit /1 -p = 2 qua R ap*, et per Cor, 1. Theor. 1. ha-

betur dy = ‘/;i{__,, &quatio pro Catenaria.

Vor. LXXIV. Ttt Esempl.
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Exempl. 2. Sit S= ~5—‘i__'i—§;, pofita b= ? erit per theorema

2e.a—§

AR 4R , N dR
- s (== ): ~—L_ et fadtai integratione — ‘/—;ﬁ-—-— +C
vV I—p* , a

& +R* N TRGS TR
dp R
= - o ?—, quafiC= =0, habetur /1 —p*= 5= ¢t R=
- 5
w, Per theorema 1. dx :--3—/%——1 qua gonf’cat curyam

¢fle TraCtoriam.
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